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1 Introduction

Recently, we have proposed a bosonic loop space formalism for understanding the impor-
tant problem of triviality in interacting Gauge Field theories ([1], [2]). The basic idea
used in our work above mentioned in order to analyze such kind of quantum triviality
phenomena was the systematic use of the framework of the loop space to rewrite particle-
field path integrals in terms of its ensembre of quantum trajectories and the introduction
of a noisely electromagnetic field as an external quantized reservoir.

The purpose of this letter is to point out quantum field triviality phenomena in the
context of our previous loop space formalism for the case of Fermionic Quantum Chromo-
dynamics with finite number of colors but in presence of an external non-abelian trans-
lation independent U(oo)-flavor charged white noise simulating a quantum field reservoir
([1]).

In order to show exactly this triviality result for Q.C.D(SU(N,)) in such a context of
an external non-abelian reservoir, we use of Migdal-Makeenko loop space expression for
the spin quark generating functional of abelian vectorial quarks currents ([3]) — associated
to the physical abelian vectorial mesons, added with the explicitly evaluation of U(M)-
flavor Wilson Loops at the t'Hooft M — oo limit for translation invariant noise-flavor
field configurations.

We finally arrive at our main result that the triviality of Quantum Chromodynamics
at such a kind of flavor reservoir, is linked to the problem of quantum decoherence in
Quantum Physics ([1]). In appendix A, we present an aplication of our study to the
Physical Problem of Confining in Yang-Mills Theory. In appendix B, we present the
detailed analysis of the problem of large N in Statistics, which mathematical ideas have

underlyning our Path-Integral Analysis in the bulk of this letter.

2 The Triviality - Quantum Decoherence Analysis for

Quantum Chromodynamics

In order to show such a triviality - quantum decoherence on Fermionic Q.C.D(SU(N,))
with finite number of colors in the presence of U(oc) flavored random reservoirs, let us
consider the physical Euclidean generating functional of the Abelian quarks currents in
the presence of an external translation invariant white-noise U (M) non-abelian field B,SM),
considered here as a kind of “dissipative” non-abelian reservoir structure and correspond-

ing to the interaction quarks flavor charges with a U(M) vacuum-reservoir structure,



CBPF-NF-015/08 2

namely

Z[Ju(x>7 B;(LM)] = <detF

0 D(A,, B, m] >
D* (A, BN, J,) 0 )

Here the Euclidean Dirac operator is explicitly given by
@(Auv B;(LM)a Ju) = i'V;L(au + g(M)B/(LM) + eAu + Ju) (2)

with eA, (x) denoting the SU(N,) Yang-Mills non-Abelian quantum field (translation de-
pendent) configurations averaged in eq.(1) by means of the usual Yang-Mills path integral
denoted by { )a,, Ju(x) is the auxiliary source field associated to the abelian quark cur-
rents and g B{™ is a random translation invariant external U (M) flavor Yang-Mills

field with a constant field strength
Fyuw(B) = (igan) (B, BM)]. (3)

Here E}M) denotes the stochastic average on the ensemble of the external random

U(M) non-abelian strenght fields defined by the U (M )-invariant path-integral ([4])

EM(O(B,)} = m (/ <,£[1£[1de)
X exp {—% [(igM)2TTU(M)([BLM), B£M)]2)]}
% O(BlgM))> (4)

with O(B,(LM)) denoting an U(M )-flavor invariant observable on the presence of an external
translation invariant random U (M )-valued non-abelian reservoir field BELM).

In the fermionic loop space framework ([1], [2], [3]), we can express the quark functional
determinant, eq.(1) — which has been obtained as an effective generating functional for
the color N.-singlet quark current after integrating out the Euclidean quark action —

as a purely functional on the bosonic bordered loop space composed of all trajectories
Copr = {X,u(0), X,(0) = X,(T) = 2; 0 < 0 < T}, namely

207,40, 5] = (esp { = Nespur [ 3 Povc [0 ( §do5777)0)

w0
00,u,/(X (0))

X @Crs, 1] X Trsuug (W[Co 4,]) | | (5)

| % Tron (®[Ce, B )
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where ®[C,,, B,(LM)] is the usual Wilson-Mandelstam path-ordered loop variable defined
by the translation invariant random external (reservoir) U(M) field B,SM), and W[Cyy, A,]
is the same loop space object for the dynamical quantum color gauge field SU(N,).
Note the appearance of the Migdal-Makeenko area — loop derivative operator with
the Dirac index path ordenation in order to take into account explicitly the relevant
spin-orbit interaction of the quarks Dirac spin with the set of interacting vectorial fields
{A,(x), B,, J,(x)} in the theory described by eq.(1) ([3]) (the well-know bordered loops).
The sum over the closed bosonic loops C,, with end-point z is given by the proper-

time bosonic path integral below ([1],[2])

CZ: /0 ood?T / P /X e DI Xexp{—% /0 TX?(a)da}. (6)

Following the idea of our previous work on Triviality-Quantum Decoherence of Gauge
theories [1], we need to show in eq.(5) that at the t’Hooft topological limit of M — oo in

the ensemble of external white-noise reservoir fields B,SM)

as implemented in ref. [1], one
obtains for the Wilson Loop Er(®[C,., BlSM)]) an area-power behavior on the (minimal)
area S[C,,] bounded by the large area loops C,, inside the loop space functional on
eq.(b), after considering the average of the infinite-flavor limit on the external translation
independent white-noise B, field eq.(3)-eq.(4).

In the context of a cummulant expansion for the loop space integrand in eq.(5) defined
by the U(M) path integral eq.(4), one should firstly evaluate the following Wilson Loop

path integral (loop normalized to unity) on the U(M )-noise reservoir field BM.

M2

1 i < P
_E;M>{1}/oo (HHdB" )

a=1 p=1
1
wexp {5 0n0)*Tran (B0, BYP) |
X LTI'U(M)]P) {eigM fcm BLM)dXH} ) (7)
M

By using the non-abelian Stokes theorem for constant gauge fields, one obtains the

following result for large M ([4]):
1 i (M) 10 1 i (M)yg12

-7 <TrSU(M)P {e gum $¢,, Bu d u}) _ 7 <TI'SU(M)P {e 9t [s0y,) Fr2(BUD)S }) (8—&)

or equivalently:

1 2 2 S[Cz])?
MTYSU(M) <]P>6_(91W) [31,32]5[Cm]) = exp {+(9M 25\4 )

1
=)
(8-D)

(DB, BéM’1>2} 0
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where we have choosen the large loop C,, to be contained in the plane p = 1, v = 2
without loss of generality.

A simple field re-scaling on the path-integral eq.(7) as written below, after inserting
the M — oo leading exact result of the Wilson Loop noise factor eq.(8) on the cited
equation (7):

<gﬁ45[cm]>2}i

Ba1_>Ba {912\/[“‘ Vi

p= p=1

2 271
a ~a g S Cxx 4
BN:2 - B;LZQ |:g]2\/[ + ( L ;/[ ]) :| (10)
a ~a _1
Buyé{m} - Bu;é{m} [934] 4 (11)

leads us to the exactly result at the t’"Hooft limit of U(co) flavor charge

1
[gﬂ <1+912\45][V(;‘m]2>]—2M2

M2(D-2)
2 -7

lim (B {Trpn (@[Cp, BOD)}) = lim YT 9]
M—oo Moo i
= exp {0 Cul} + 0L (12

where g2 = lim,_...((ga)*M) < oo denotes the U(oo)-flavor reservoir t'Hooft coupling
constant. Note that we have used the leading M — oo limit on the weight on the

numerator of the reservoir field path integral eq.(7). For instance (here B, = BjiA, with
[)\aa )\b] = fabc)\c>

4 2 . y
i fo [ (Lt + @S (g o))
~ e { | (lon?) = B BBy B et ||

+O(%) (13)

which produces as the only non-trivial result at M — +o00 in the average eq.(7), that one

arising from the ratio of the Jacobians of the measure change associated to re-scalings
eq.(9)—eq.(11) on the path integral numerator eq.(7) and the normalization path-integral
denominator respectively.

As a result, we get an exponential behavior for our noise U(oo)-averaged Wilson Loop
with an power square area argument.

Finally, we can see that the loop space quark fermion determinant eq.(1) is entirely
supported at those loops C,, with vanishing small area S[C,,| for large values of the

noise-field vacuum streinght g% — +oo0, since those of large area S[C,,| are suppressed
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on the loop space expression generating functional eq.(1) above mentioned, as much as
similar K. Wilson mechanism for charge confining in Q.C.D.

Note that the same matter loop C,, appearing in eq.(12) enters in the definition of all
loop space objects in eq.(5). As a consequence, we have produced a loop space analysis
supporting that at very large noise strenght (g(>) — +o00), one has exactly the strong
triviality of the SU(V.) on the sector of the quark abelian currents, in the mathematical
sense that the dominant loops on the loop path integral eq.(5) are degenerate to the loop
base point x or to the straight line vector bilinear quark field excitations trajectories

motion. It yield as a result, thus

lim B9 (Z[J,(x), BM]) = exp(0) = 1. (14)

M—o0

This result leads us to the conclusion that the theory has on free field behavior ([5]) at
very strong noise-reservoir of the type introduced in this work signaling a kind of quantum
field phenomena in a flavored dissapative vacuum media that destroys quantum phase
coherence and leading to the theory’s triviality as much as similar mechanism underlying

the phenomena which has been obtained in ref. [1] for white-noise abelian reservoirs.
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APPENDIX A

The Confining Property of
the U(oco) - Charge Reservoir

We intend to show the own quantum decoherence/triviality of the U(oo)-charged reser-
voir considered in the bulk of this work. Let us, thus, consider our translation invariant
U(M) non-abelian gauge field theory of the previous analysis. However defined in a fi-
nite volume domain  with vol(Q) = ma?, where m is an positive integer with a playing
the rule of a fundamental lenght scale associated to the elementary cell of volume a* of
our finite-volume space-times (euclidean). We introduce at this point of our argument a
closed loop C' contained in the plane (i, v) — section of the domain  C R?* and possesing
area (planar) S[C,,] = na®. (See eq.(7)).

WIC)E) = Tim (IL[O]) (A-1)

M—o0 IM [O]

The explicitly expressions for the objects on eq.(A-1) are the following C. Bollini and
J.J. Giambiagi translation invariant gauge field path integrals ([5])

In[C] :/ m( H HdAa> xexp{ 5 (ma') Ty ([A,L,AVP}

(St oo i [ 25)]) "
and
1(0) :/ h (Mal_[le[ldA“> x exp{QQ (ma*)Tryan ([Ay, A, )} (A-3)

The exactly evaluation of eq.(A-2) was presented in our previous analysis, with the

result below, after considering the re-scaling integration variable

2 40, 2\277 1
a al9 g-\na
A — A7 {E(ma4) + %} =12 (A-4)
g’ 4 -
Al — A} {2 (ma )} w#1,2 (A-5)

with the result
(A-6)
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The same procedure is applied too in eq.(A-3) with the associated re-scaling Af —

_1
A [ (ma* )] " It yields the exactly result for the path-integral normalization factor

—M?2

o) = |Somat)| (AT

As consequence, we get the following result for the U(oo)-Loop Wilson average ((¢>)?* =
Nl{im (g>°M) < 00)

M—oo

) E)

At this point of our study we call the reader attention that in the final result eq.(A-

(WICH™ = lim (%[C])

8), we have considered already the case D = 4, where one must taken into account
the transmutation phenomena of the Gauge coupling constant ¢(>) by considering the
existence of a vacuum area domain a? (the cell of our space-time) as much as the famous
“Q.C.D. spaghetti vacuum” of Nielsen, Olesen at. al. ([1]).

The area behavior of eq.(A-6) is easily obtained for large area loops n? >> m in the
following situation: If one considers the relationship n = ym, with v an adimensional
number (y < 1) which will be kept constant at the limit of infinite volume m — oo, one

can see that eq.(A-8) gives area behavior for the Q.C.D. Wilson Loop for very large loop

(WO ~ exp{— (V(g“’)?) -mﬂ}

m—00 @2

area

- eXp{ (g“’) . Area S[C]} (A-9)

g
At this point, one should envisage to implement a formal Feynman diagrammatic field
theoretic ﬁ — expansion on the finite order group U(M) — Gauge theory by considering
next translation — dependent field corrections on our reservoir field configurations of the
form Af(z) = A,(fo )—i—%Gz (x) in the usual Path-Integral measure with the matter confining

behavior eq.(A-9) already built in the formalism, namely:

D M?-— M?2-M

11 H dAs( ﬁ [T 24 - dc(x) (A-10)

pu=1 a=1 p=1 a=1
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1
exp{—§/TrSU(M)(FW)Q(x)de}
Q

1
= exp{ b /Q Trsu ((a,LGu - 9,G,)(x)
VMa

It is worth remarking that the Feynman’s Diagrammatic associated to the Back-

+

A+ %Gu(x),A,, + %G,,(@])Q}. (A-11)

Ground field decomposition in egs.(A-10)—(A.11) leads to an exchange of “massive” Glu-

ons and leading, thus, to a infrared-free perturbation analysis of the theory’s observables.
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APPENDIX B

On the law of large number

in statistics

Let us present the usual mathematical methods procedure to define the large N llimit
in Statistics.

The large N problem in Statistics starts by considering a set of N-independent random
variables { Xy(w)}o=1

besides of satisfying the following additionals constraints:

~, with w belonging to a given fixed probability space (€2, du(w)),

.....

a) Theirs mean value posseses all the same value m:
[ Xetwdu(w) = B{Xi(w)} = m (B-1)
Q

b) Theirs associated variance are all equals:

” [( / Xz<w>du<w>)2 -(/ Xe(w)du(w))2] (5-2)

The large N problem in Statistics can be stated now as the problem of defining math-
ematically the normalized limit of “large numbers” N — oo, of the sequence of random

variables sum below

lim Sy(w) = lim ! E Xo(w) —m | |. (B-3)
N—o0 N—oco \ g/ N
=1

The path-integral solution for this problem contains all needed ideas and expose clearly

the method which were implemented in our analysis in Gauge Field Theory.
Firstly, we define the associated Generating Functionals for each independent random
variable X,(w), with J € R. Namely:

Zixp((J)) = E{e¥e™)} = /Qe”x‘(“’)du(w)

[e.o]

i ([ cxetwntaun) (B-4)

k=0

It is straightforward to see that the Generating Functional associated to the finite N
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random variable sum eq.(3)

o N
1 4 Mk k
Z Kl ok NE/2
—0
J: iMyJ3 N M,J* N N
2N 603N3/2 ' 2454N?2 ’

(B-5)

with the k-power averages given by the integral expressions below, which are supposed to

be (-independent
M= [ (Xw)duw), (B-6)
Q

At this point, we define mathematically the large N limit by defining the effective

statistics distribution parameters:

]\;lm (0VN) = Tops < 00 (B-7)
A}im (MN) =Mepp < 00 (B-8)

and by taking the N — oo limit of eq.(5) in the context of the definitions eq.(7)—eq.(8),
by considering just for simplicity of our formulae writing m = 0 (see eq.(1)).
As a result, we have the simple expression below
J? iMsJ3 N MyJ*
2N 602N3/2  240%N?

= (%) N = —J;, (B-9)

. _ eff _J?
lim Zy(J) =2yl (J)=¢e 7, (B-10)

N—oo

lim [lgZn(J)] = Nlg [1 —

N—oo

or equivalently

which is nothing more than the Generating Functional associated to the Gaussian Statis-

tics distribution:

1 o0 o a?
Z;JZOO(J):\/%'EX/ dr e ¢7 2 (B-11)

which is formally the limit (with m # 0)

, { 1 _(@=Nm)? } 1 @2 (B-12)
11m — € 2No?2 = e 252 -
N=s | 27 (0 N) 7




